For an interger l >
Introduction
Graphs in this paper are simple and finite. See [2] for undefined terminology and notations in graph theory. Let P be a path and C a cycle; the length of P and C, denoted by l(P ) and l(C), are defined to be the number of edges of P and C, respectively. If S ⊆ V (G), we define N (S) = ∪ v∈S N (v). If G is a connected graph, we define B(G) = {e : e is a cut edge of G}. For an edge subset X ⊆ E(G), the contraction G/X is the graph obtained from G by identifying the two ends of each edge in X and then deleting the resulting loops. Let 
G = G/(E(G) − B(G)), called the B-reduction of G. Let e(G) = |E(G)|, |G| = |V (G)|, and ω(G) denote the number of components of G.
We define the generalized edge connectivity λ(G) of graph G to be the minimum integer k for which G has a k-edge set T such that ω(G − T ) = ω(G) + 1. Therefore, if graph G is connected, the generalized edge connectivity of G is just the edge connectivity of G.
For an integer l > 2, the l-edge-connectivity λ l (G), which was introduced by Boesch and Chen [1] , is defined to be the smallest number of edges whose removal leaves a graph with at least l components, if |V (G)| ≥ l; and λ l (G) = |V (G)| if
graph G is minimally (k, l)-edge-connected if λ l (G) ≥ k but for any edge e ∈ E(G), λ l (G − e) < k.
Following [9] , for a graph G, define a relation on E(G) as follows: ∀e, e ∈ E(G), e ∼ e if and only if either e = e , or {e, e } is a minimal edge cut of G. 
One can verify that the relation ∼ is an equivalence relation. Let [e] G denote the equivalence class that contains e ∈ E(G). If there is no confusion, we simply denote [e] G by [e]. For any e ∈ E(G), define G [e] = G/(E(G) − [e]). Note that G
(i) S 1 ⊆ E(G), |S 1 | = λ(G) and ω(G − S 1 ) = ω(G) + 1. (ii) S m+1 ⊆ E(G − ∪ m i=1 S i ), |S m+1 | = λ(G − ∪ m i=1 S i ) and ω(G − ∪ m+1 i=1 S i ) = ω(G − ∪ m i=1 S i ) + 1, where m = 1, 2, . . . , t − 1. (iii) E(G) = ∪ t i=1 S i . Note: If |G| = n, and if S 1 , S 2 , . . . , S t is an ordered edge-cut-set decomposition of E(G), then |S t | = 1 and t = n − ω(G). Let G be a connected graph, k ≥ 3 and S ⊆ E(G). If |S| = k and ω(G − S) = l, then S is called a (k, l)-edge-cut set of G. Theorem 1 [11] Let G be a minimally k-edge-connected graph, |G| = n, k ≥ 2 and n ≥ 3k; then e(G) ≤ k(n−k). Furthermore,
equality holds if and only if
By Theorem 1 and Theorem 2, one can obtain the following proposition immediately: 
Conversely, assume Proposition 3 (ii). By definition, λ l (G) ≥ k and for any e ∈ E(G), λ l (G−e) < k. Assume there exists an edge e ∈ E(G) such that λ l (G−e) ≤ k − 2; then there exists a T ⊆ E(G − e) with |T | ≤ k − 2 and (
Then we can choose S ⊆ E(G) which consists of all edges in B(G) and k − |B(G)| − 1 edges in some maximum equivalence class of the graph G.
Assume for some edge
Conversely, assume Theorem 3 (i), (ii) and (iii). We first show that
T includes at least two edges(without loss of generality, assume they are f 1 , f 2 ) which belong to different equivalence classes and are not cut edge. By Proposition 2 ,
)-edge connected if and only if every nontrivial component of G − B(G)
is minimally 3-edge-connected.
Proof. By Theorem 3 and |B(G)|
It is easy to obtain the following.
3 Bounds of size of minimally(k, k−1)-edge-connected graphs with given order
Proof. We claim that for any f ∈ E(H − e), f is not equivalent to any edge in
is not connected, a contradiction.) However, by the assumption that f is equivalent to g in G − e, G − {e, g, f } is not connected. So the claim must hold. Then,
Lemma 2 Let G be a 2-edge-connected graph, e ∈ E(G), and
Proof. Assume µ(G − e) ≥ 2k + 1 and [f ]
G−e is a maximum equivalence class of
Let u and v denote the ends of e. There are two cases.
Case 2 For some
Proof. Assume there exists a H ⊆ G, λ(H) ≥ 3. Without loss of generality, assume H is connected. Then µ(H) = 1, and for some e ∈ E(H), [e] G = 1 and λ(H − e) ≥ 2. Obviously H is 2-edge-connected. Thus, by Lemma 2,
Proposition 4 If H ⊆ G is connected and e ∈ E(H) − B(H), then
Proof. The proof is similar to that of Lemma 1.
Lemma 4
If G is 2-edge-connected and minimally (k, k − 1)-edge-connected, k ≥ 6, then G does not contain such a subgraph H that satisfies each of the following.
(ii) H is 2-edge-connected but not minimally 2-edge-connected.
Proof. Assume there exists some H ⊆ G which satisfies both (i) and (ii). Then for some e ∈ E(H), λ(H − e) ≥ 2. Obviously, |[e] H | = 1 and e / ∈ B(H). Then, by Proposition 4, [e] G ⊆ [e] H . By Proposition 2 (iii), B(G − e) ⊆ [e] H − {e} = ∅.
Therefore G−e is 2-edge-connected. Now we show G−e is (k, k −1)-edge-connected.
Since µ(H) ≤ 2, by Lemma 2, µ(H − e) ≤ 4. By Lemma 1 and Corollary 1,
Let E t denote an edgeless graph with order t. Let E t ∨ H denote the join of E t and H.
Corollary 4 Let G be a 2-edge-connected and minimally
Proof. Assume H ∼ = E 2 ∨ K 2 ⊆ G, then H satisfies Lemma 4 (i) and (ii), a contradiction. 
Proposition 5 Let G be a 2-edge-connected and minimally
(k, k − 1)-edge-connected graph with k ≥ 4; then µ(G) ≥ 2.
Proof. Assume µ(G) = 1, by Lemma 2, then for any e ∈ E(G), µ(G − e) ≤ 2. However, by Corollary 1, µ(G − e) ≥ k − |[e]| ≥ 4 − 1 = 3, a contradiction.

Theorem 4 Let G be a 2-edge-connected and minimally
(k, k − 1)-edge-connected graph, |G| = n, n ≥ k + 2, and k ≥ 6. Then e(G) ≤ 2n − k. Proof. Since G is minimally (k, k − 1)-edge-connected, by Proposition 3, there ex- ists a (k, k − 1)-edge-cut set S of G. Then |S| = k and ω(G − S) = k − 1. Choose an ordered edge-cut-set decomposition S 1 , S 2 , . .
. , S t of E(G − S), then t = n−ω(G−S) = n−k+1 and |S
Then, by H n−k−2 ⊆ G and Corollary 4, a contradiction.
Let n and k be two positive integers with n ≥ k + 4 and k ≥ 6. Let G 1,n , G 2,n or G 3,n denote the union of a complete bipartite graph K n−k+1,2 with bipartition ( {u 1 , u 2 Figure 1) .
Theorem 5
Let G be a 2-edge-connected and minimally (k, k − 1)-edge-connected graph, |G| = n, n ≥ k + 4 and k ≥ 6. Then e(G) = 2n − k if and only if G ∼ =  G 1,n , G 2,n , or G 3,n . Proof. Let G be a 2-edge-connected and minimally (k, k − 1)-edge-connected graph with e(G) = 2n − k. (The existence of G can be seen in Figure 1. ) Let S be a (k, k − 1)-edge-cut set of G. Let S 1 , S 2 , . . . , S t be an ordered edge-cutset decomposition of E(G − S). Then t = n − k + 1, |S n−k+1 | = 1 and, by Lemma 3, for any i ∈ {1, 2, . . . , n − k},
Firstly, we show that G − S has only one nontrivial component. Assume that G − S has more than one nontrivial components. There are two cases.
Case 1 Assume G − S has at least three nontrivial components. Then there exist at least two edge sets
Case 2 Assume G − S has exactly two nontrivial components. Then one of these two nontrivial components, denoted by
Assume there exists some edge e ∈ E(H),
and Proposition 2 , we can choose an ordered edge-cut-set decomposition 
Claim 2 For any
Assume there exists a vertex 
Without loss of generality, assume u j ∈ C j , where j = 1, 2, 3, 4. Obviously, G i is 2-edge-connected. Moreover, by Proposition 4, Propsition 5 and
contrary to the choice of G i .
Claim 3 |V (G i )| ≤ i(3k − 7).
Since (i) For any e ∈ E(G i )−T , there exists an edge f ∈ T such that e is connected with f in G i by some path which has no internal vertex in S. So for any e ∈ E(G i ) − T , there exists an edge f ∈ T such that e is equivalent to f in G i .
(ii) For any e = (u, v) ∈ T , if {u, v} ⊆ S, then there exists an edge f ( = e) ∈ T such that e is connected with f in G i by some path which has no internal vertex in S. Thus for any e = (u, v) ∈ T , if {u, v} ⊆ S, then there exists an edge f ( = e) ∈ T such that f is equivalent to e in G i .
Since |S| = 2i, |T | ≤ 3×2i = 6i. By (i) and (ii), there are no more than 6i/2 = 3i equivalence classes in G i . By Corollary 1, the number of edges in each equivalence class of E(G i ) is no more than k − 2. Thus |V (G i 
